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Let v be a signed measure on E® with vE? = 0 and |u|Ed < 0. Define Dg(v) as sup [vH| where

H is an open halfspace. Using integral and metric geometric techniques results are proved which

imply theorems such as the following. Theorem A. Let v be supported by a finite pointset p;. Then
1/2

Ds(v) > cy4(b1 /62)1/ 2{ Ei(v;p,-)z} / , where §; is the minimum distance between two distinct p;,

and &7 is the maximum distance. The number ¢y is an absolute dimensional constant. (The number

.05 can be chosen for ¢z in Theorem A.) Theorem B. Let D be a disk of unit area i the plane EZ,
and p1,p2,...,pn be a set of points lying in D. If m if the usual area measure restricted to D, while

1mp; = 1/n defines an atomic measure -yn, then independently of yn, nDs(m—7n) > .0335n1/4,
Theorem B gives an improved solution to the Roth “disk segment problem” as described by Beck

and Chen. Recent work by Beck shows that nDs(m—+n) > ent/ 4(log n)_7/ 2,

1. Introduction

Although difficult to define precisely, the term discrepancy (or irregularity of
distribution) generally refers to an estimate of how well or how poorly a class of
signed measures approximates the zero measure. In nearly all instances the positive
parts of these measures are some fixed uniform measure while the negative parts are
varying atomic measures. This is easily explained by the close connection with the
study of uniform distribution of sequences, a topic which was greatly influenced by
the fundamental work of H. Weyl [18].

For a classical example, let {ry,73,...} denote a sequence of numbers in the unit
interval. Define the purely atomic measure vy of total mass 1 by placing an atom
of weight 1/n at each point of the set {r,,rs,...,rz}. Letting m denote Lebesgue
measure on the unit interval, the problem is to estimate how small nD(n) can remain
if

D(n) = S\;pl(m—“rn)ll; I=lab], Iclo1]

T. van Aardenne-Ehrenfest showed that for any sequence {r;}, limsupnD(n) =
o, and K. F. Roth in a famous article [9] improved this by showing that
nD(N) > cy/logn for infinitely many n. Finally, W. M. Schmidt [13] proved that
nD(n) > clogn for infinitely many n. The well-known example of the Van der
Corput sequence satisfies nD(n) < clogn. Thus Schmidt achieved the optimal order
of magnitude.

AMS subject classification (1980): 52 A 22, 10 K 30.
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A crucial aspect of this problem is that the measures -y, are defined by a fixed
sequence. It is clear that for a given n, the points {r;,7,,...,7,} could be arranged
so that nD(n) = 1. However, a key point of Roth’s method is that the problem of
sequential discrepancy is shown to be equivalent to a certain discrepancy problem
involving the free placement of n points in a unit square. This important advance
opened the door for consideration of a much wider class of problems in discrepancy
theory.

The book of Kuipers and Neiderreiter [8], which is devoted to the study of
uniform distribution, contains discussions of the classical problems of discrepancy,
and details some of the methods of Roth and Schmidt. The very recent book by
Beck and Chen [7] contains a much more extensive treatment of these topics and, in
addition, a great number of fine new ideas and theorems.

In this paper we will investigate what is termed the separation discrepancy Ds.
Let v be any signed Borel measure on Et such that #E? = 0. Define Ds(v) by

Dg(v) =suplvH|, H an open halfspace.

A number of problems appearing in the literature can be expressed in terms of this
concept.

The method of investigation used in the present work involves a combination
of integralgeometric and metricgeometric techniques. The results obtained stand up
well to comparison with those obtained by the various analytic methods. The fact
that the central ideas are principally geometric in nature allows a clearer perception
of certain aspects of discrepancy that might remain obscured by some other methods.
The following theorems give an idea of the type of lower bound inequalities that can
be achieved for D;.

Theorem A. Let v be a totally atomic measure on E' concentrated on the points
D1, P2y, Pn Such that Y, vp; = 0. Then the separation discrepancy satisfies

1/2
(1) Da(v) 2 a(8:/8:)*{ S wmi}

where 6, is the minimum distance between two distinct p;, and §, is the mazrimum
distance, or the diameter of the point set. The number c¢; > 0 is an absolute constant.

One interesting situation where Theorem A applies is if the measure v is concen-
trated at integral lattice points. For example, suppose that v assigns measure 1 to
the N = n’ lattice points contained in a lattice t-cube of edge length n—1. A straight-
forward calculation shows that Theorem A implies that Ds(v) > et~ VAN1/20-1/t)

While the study of discrepancy for discrete measures is a natural setting for the
present method, it can be extended to treat other measures although a number of
problems remain. We state one example.

Theorem B. Let D be a disk of unit area in the plane E?, and p;,pa, ..., pn be a set
of points lying in D. If m is the usual area measure restricted to D while yop; = 1/n
defines an atomic measure vy, then independently of yn,

(2) nDgs(m — ) > .0335 n'/*.
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Theorem B gives an improved solution to the Roth “disk segment problem”
as described by Beck and Chen [7,§7.0]. Roth conjectured that for arbitrary
Tn, nDs(m — v,) is unbounded with n, and Beck [7,§7.3] confirmed the conjec-

ture by showing that for some constant ¢, cn'/*(logn)~"/2 is a lower bound. This
problem also appears in W. M. Schmidt’s paper [12].

The present method allows example constants ¢; to be calculated without outra-
geous effort if need be. For example, in Theorem A the constant ¢; may be chosen as
.05. However, it would be very surprising indeed if the n'/* in (2) indicated the exact
order of magnitude of D, for the disk segment problem. The method does yield the
exact order of magnitude for certain L? averages closely related to Ds. There are
further comments in Section 11.

The author’s longstanding interest in metric geometry began with the joint paper
[5] with Kenneth B. Stolarsky. Shortly thereafter appeared articles [1], [15], and
[2] which all greatly influenced the present work. In [1] the author introduced a
simple probabilistic method for obtaining good upper bounds on metric inequalities
(see Section 11), and in [15] Stolarsky made his wellknown discovery of the close
relationship between discrepancy on euclidean spheres and metric geometry (see
Section 10). In [2] it was shown that distance sums possess an integral geometric
formulation. These papers opened the door to the possibility that geometric ideas
might contribute to the study of discrepancy phenomena.

Finally, let us state what is the major difference between the results achieved by
our new method and those preceding. The precise geometry of the measure v plays
practically no role. The dimension of the support of v is the single most important
parameter. The estimates obtained in Theorem B hold for a square or more generally
for a bounded measurable set on a convex 2-surface of bounded curvature. See
Theorem 20 and Theorem 25.

2. The Crofton arclength formula and the functionals I and J

It is well understood that there is a motion invariant Borel measure p on the
(t ~ 1)-planesets of E! which, when suitably normalized has the property that for

any points p, q in Et,

(3a) Ip— gl = 1/2u{h : h cuts seg pg}
More generally, if K is a planar convex body, then
(3b) Perimeter K = p{h: h cuts K}

Except for the plane (¢t = 2) this normalization differs from the usual normal-
ization of the measure p. This is discussed in Section 9. The virtue of the present
normalization for the work of this article is that the measure g on the (¢—1)-planesets
of Et is induced in the most natural manner from the measure x on the t-planesets of
E*+1. Thus one need not spec1fy the “dimension” of u. The constructions described
in thls article sometimes require that ¢ be increased. Formula (3) and derivative
formulas remain unchanged by such processes.

Letting v be a finite signed Borel measure on E?t, the functional I is defined by

(4a) I(v) = / / Ip ~ gl du(p)dv(q).
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If v and ¥ are two such measures, the associated bilinear functional J is defined by
(1) 10,9) = [ [ 1o daviwasto)

As was shown in [2] (with notational changes), the Crofton formula (3a) leads to the
following representation for I as an integral with respect to the measure yu,

(5) I(v) = / A(W)B(h)du(h).

Here A(h) = v(h*) and B(h) = v(h~), where h* and h~ represent the open

halfspaces determined by h. If h varies over the space of oriented planes, the

halfspaces h* and h~ are well-defined, however, the product is well-defined for

unoriented planes. As is easily shown, for almost all planes h, A(h)+ B(h) = v(E?).
The key observation in demonstrating formula (5) is that

[ p=awwata =12 [ [ [ xp.anaumamiao.

Here x(p,q,h) = 1 if the hyperplane h intersects the open segment pg in precisely
one point and x(p, ¢, h) = 0, otherwise. At this stage one takes the u-integral to the
outside and then performs the p—q integration. Note that for a fixed h, x{(p,q, h) =1
precisely if (p, g) lies in v*(h) x v~ (h) of (p, ¢) lies in v~ (h) x vT(h). See the article
[2] for more details.

If we restrict our attention to Borel measures v with the property that v(E!) = 0,
then formula (5) takes the shape

(5a) I(v) = — / A(h)du(h).

If-v(Et) = p(E') = 0, then similar ideas at once give the corresponding formula
for J,

(5b) J(v,7) = — / A2(R)A(R)du(h).

Equation (5a) quantifies the negative semidefiniteness of the functional I. Actually,
1 is negative definite, i.e., if I(v) = 0, then v = 0. This fact is closely related to the
uniqueness problem for the Radon transform.

If 7 is a motion of E* and v is a measure on Et, then the measure 7v is defined
by 7vC = v1~1C for Borel sets C. There is the relation

(7 I(v) = I(Tv).

Equation (7) depends not only on the definition of rv, but also on the motion

invariance of the measure y on the planesets. If y were to define a Minkowski

metric via equation (3), then (7) would hold generally only if T were a translation.
For a real scalar ¢ the measure cv is of course defined by cvC = ¢(vC). Equation

(5) implies the relations

(8) I{cv) = *I(v) and J(cv, c'V') = ' I (v, V).
the relation I(—v) = I(v) is an important example of (8).

Next if ® = &+ — &, set |®| = &+ + &~ and ||®]| = |®|E?. Let ¥ denote the
class of signed Borel measures {v : v(E) = 0, ||v|| < oo}, and let T[C] denote those
members of ¥ with support in the set C.



IRREGULARITIES OF DISTRIBUTION 119

Theorem 1. The functional —I is nonnegative convezr on ¥.

Proof. Let a,,...,a; be nonnegative numbers whose sum is 1. Consider

2
—I{ i ai”i} =/ { pF a_iAi(h)} du(h) < (Zi ai) [ i ai{Ai(h)du(h)
the inequality is obtained by setting a; = ,/a;,/a; and applying Cauchy-Schwarz.
Thus

9) 0< —I{ > az'Vi} < =3 ail(y). ]

It should be noted that if all the measures v; are congruent (up to sign) to a fixed
measure v, then the right side of (9) collapses to —I(v). Also, since the separation
discrepancy satisfies Ds(v) = sup|A(h)|, the close relation of this concept to the
functional I is apparent.

Corollary 2. Let ay,as,...,ar be numbers such that 3, |a;} = 1. Then
(10) ~{ Y aw} < - Y laillw).
1 ?

Proof. If o; < 0, set a;1; = |a;|(—v;) and apply (9), and since I{—v;) = I{v;), the
proof is complete, 1

Also, the wellknown notion of the convolution ®, x ®, of two signed measures
is helpful. For example, if &, ®, are atomic measures on E! with &,(p;) = a; and
®,(q;) = by, then the atomic measure ®; * &, with support on the set {p; + ¢;} is
defined by @, * ®,(p; + ¢;) = a;b;. Clearly, ®, x 8,(E") = &,(E*)®,(E") so that the
class of measures ¥ is cfosed under convolution. In fact it can be quickly verified
that the signed Borel measures form an algebra over the real {(or complex) numbers
with respect to the operations +, * and that ¥ is an ideal in this algebra.

Corollary 3. Let v be in ¥, and let @ be a signed Borel measure. Then
(11) —I(@xv) < —||2P1(v).

Proof. Since ¢(®+v) = (c¢P*v) and I(cw) = c2I(w), it suffices to assume that ||®|| = 1.
Let ®(p;) = a; where @ is concentrated on the points {p;}. Now ®*v = 3 a;y;
where the equation v;x = v(x — p;) defines the measure v;. To complete the proof
apply (10) together with the fact that I(v;) = I(v) for each 7. The inequality (11)
for nonatomic measures ® follows easily, but in this article only atomic measures ¢
are needed. |

3. The functional 1¢

For a nonnegative number o and signed Borel measure v on E! the functional
@ iz defined by

= f Ip — ql®dv(p)d(q).

In the case where v is area measure restricted to a planar convex body the
numbers I*¥(v) k = 0,1, ... have a long history, being studied by Crofton, Blaschke,



120 R. ALEXANDER

and others. See [10] p. 46. The functional I* for « in the range 0 < a < 2 been
studied by I. J. Schoenberg as part of his very pretty theory of metric embeddings
into Hilbert space.

An old result of I. J. Schoenberg [11], slightly modified, states that I is a
negative semidefinite functional on the space of measures ¥ for 0 < a < 2. (Define
I° =1limI®, a > 0.) Of course, equation (6) establishes this for a = 1; see equation
(12) below for a corresponding result for a = 2.

The case a = 2 is certainly the most important for the theoretical study of metric
geometry in euclidean and Hilbert spaces. The paper [4] discusses a number of the
geometrical aspects of I2. As will be shown below, I?(v) = 0 for v in ¥ precisely
when the positive and negative parts of v share a common centroid.

If the measure & in U(E?) is concentrated on the distinct points {p;} with
®(p;) = z, then

I%(®) = Z [p; — pj|“z;z; where in = 0.
ij

Lemma 4. If the atomic measure ® lies in U, then the functional —I°(®) = 3 2.

2
Proof. Note that limgo —J*(®) = -3, ; ziz; = [Z z? - (in)2]. i
Lemma 5. Let & be an atomic measure with support in a set of diameter 6. Then
[1(®)] < || §]%6°.

Proof. Because equation (8) also holds for I* it may be assumed that ||®| = 1.
Certainly a supremum for |/®(®)| can be approached only if all z; agree in sign, which
may as well be positive so that 3 2; = 1. If for each i # j the distance |p; — p;|® is

replaced by 6%, then 0 < [J*(®)| < 6% Zi¢j T;T; = 64 [(Z:cif - me] < 6%, This
proves the lemma.

4. Atomic measures with vanishing moments

Lemma 6. Let the atomic measure ® belong to ¥. Then I*(®) = 0 if and only if
S xip; = 0, or equivalently, ®* and &~ have a common centroid.

Proof. Verify the identity

(12) - I}(2) = 2” > zip; ‘= 2< > zipj, Zwipi>

subject to the condition ) z; = 0. |

We shall not investigate the general problem of when I®(®) can vanish, but
rather concentrate on a much simpler class of measures needed for the remainder of
the paper. The next lemma generalizes Lemma 6 for this class.
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Lemma 7. Let the atomic measure @ belong to U, and suppose that ® is sup-
ported by a line (which is identified with R). Then the metric functionals I?*,
1 < k < n, simultaneously vanish at ® if and only if the first n moments of the
measure ®, > rfxi, simultaneously vanish.

Proof. As defined, I"™(2) = 3=, ; |r; = rj|*"z;z; where ®(r;) = ;. Expanding each
term via the binomial theorem and summing on [ from 0 to 2n yields

(13) (@) = Y (<1)\e(2n,1) (Z rfzi) (Z rf”'lmi)

{

Equation (13) immediately shows that vanishing moments imply vanishing function-
als I?* since each term of the sum involves a moment of order not exceeding n. Note
that the terms for ! = 0 and ! = 2n vanish because ® belongs to ¥[R].

If the functionals é”‘(‘b), 1 € & < n, vanish one may proceed by induction to
show that the first n moments vanish. Lemma 6 treats the case n = 1. If the
statement is true for n — 1, then by assumption the first n —1 moments vanish. Since
I'™™(®) = 0, equation (13) reduces to 0 = (—1)"*(2n,n)(>. r?:c,-)z. Thus the n-th
moment vanishes. |

Remark. It the signed measure & € P[R] is symmetric with respect to the origin,
then all odd moments vanish. If the measure is skew symmetric instead, all even
moments will vanish. We give two examples that will be used for explicit estimates
later. :

Example 1. Let ¢ be positive. Define the measure ®; on R by ®,(—1/4) = —-1/4,
®,(0) = 1/2 and $,(1/4) = —1/4. Note that &, € ¥,||®:|| =1 and ) r;z; =0.
Example 2. Let c be positive, set K = (2/c + 2¢)~!. Define the measure ®, on
R by ®y(—c) = —K/c,P2(—1/c) = K¢, D2(1/c) = —Ke, ®2(c) = K/c. Note that
b, €V, |0l =1, riz; =0and ) riz; =0

Theorem 8. For any given n there is an atomic measure ® € ¥[—c, ¢}, concentrated

on at most 2n + 2 atoms of equal weight, such that the functionals I*,I*,... , I*" all
vanish at O.
Proof. Let p = (71,...,7n41) be a point in the positive orthant of E™*! such that

r; # 1; if i # j. For each k,1 < k < n choose ay so that p lies on the surface

S r¥ = gj. For this system of n equations in 7+ 1 unknowns the n x n minors of the
nx (n+ 1) Jacobian matrix at p are nonsingular Vandermonde matrices. The implicit
function theorem implies that there is a curve through p of solutions to the system.
Choose a point % # p in the positive orthant lying on this curve. If p = (%1, ..., Frnt1)

then the equations
Zr,’f—Zf'f=O, k=0,...,n

prove the lemma. Here ®(r;) = 1 and ®(7;) = —1. By choosing p and p of distance
less than ¢ from the origin of E"*! we insure that & € ¥[~c, c]. The factor (2n+2)~"
will normalize the measure so that ||®| = 1. 1

Theorem 2 is an existence result and gives no hint of an efficient way to proceed
in obtaining ®. A smoothing and polynomial approximation process quickly shows
that no nonzero measure with compact support can have all of its moments vanish.
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5. Developing the general method

Let us begin by saying that up to this point all of the important properties of the
functional I have been deduced from equation (6). However, the euclidean metric
has numerous important properties that may also be used to study I via its defining
equation (4). Information obtained in this manner then may be employed to deduce
properties of the right side of equation (6). The present investigation moves in this
direction. In this section all measures mentioned will be atomic. :

Consider E? as the plane z,, = 0in E**!, and let & € ¥[R], where R is identified
with the z;,,-axis in Et*1, We wish to carefully study the convolution measure ® * v
where v in ¥(E?) is supported by py, ..., Pn.

If the measure & is supported by the points {ry,...,mn}, then the convolution
measure $ x v may be expressed as ® * v = Y .(vp;)®;, 1 < i < n, where ®;
is supported by the points {(pi, 1), (pi,72), ..., (Pi,7m)} and ®4(pi, %) = ®(rk). In
this special situation the convolution measure ®*v also has the structure of a product
measure ¥ X ®. By either viewpoint ® * v(p;, ) = ®(rg)v(p;).

Define the symbol J(p;,p;) by

J(p;,pj) = J(®;, ®;5) (as defined in 6b above)
=1/2{I(®; + @j) - I(®;) - I(‘I)j)}.

This allows the following important representation of I(® * v).

Lemma 9. Let 0 = (& * v) be the atomic measure supported on the mn points
@k = (ps,71,) in the manner described above. Then

(14) I(e) = > J(pi,pj)vpivp;
i
=" J(pipj)vpive; + () Y (vpi)*.
i£] B

Proof. By the definition of the functional I and because of the geometric structure
of the measure o one may write

(15) - Ho) =3 S7(d; + h2) Yo (gn)o(an)

1, kd

where d;; = |p; —p;| and hyy = |r—7|. Note that for a fixed pair 4, j for which i # j,
all the terms of the sum (15) fall into J{p;, pj)upiupzj. If i = j the terms fall into the
sum I[(vp;)®;]. Finally note that I(vp;®;) = (vp;)?I(®). These observations verify
the lemma. |

The previous proof of Lemma 9 has the advantage of showing the role of the

pythagorean theorem in calculating I(c), and therefore gives insight into the crucial
Lemma 10 below. However we include a direct formalistic proof based on formulas
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(25) and (26) below. If a; = v(p;),
I(o) = J(o,0) = J(Za;®;, La;®; Z J(a;2;, ‘1_1Q )

= Zazaj (®;,®;) + Z azJ((I)u 2;)
i#j
=Y J(pi,p;)vpivp; + I(2) Z (pi)?.
i#J
The present method will show that by a suitable choice of ® the sum
2.iz; J(pi, pj) will be of smaller magnitude than 3, I(®;). From here inequality

(11) gives a lower bound on —I(v). This information may then be applied to the
separation discrepancy D;(v) via equation (6).

Since the function J(p, ¢) depends on two variables, ® and the distance d between
the two points p, ¢, the notation J(®, d) will be used whenever convenient.

Lemma 10. Let ® € ¥[-1/4,1/4] and d > 2, then

(16) J(®,d) =Y e I*(®)d =2+
k>1

where the numbers cp are the coefficients of the binomial series expansion for
(1+x2)1/2 E >0 ckmzk

Proof. Write (d?+h?)"/2 = d[1+(h/d)?]"/? = d{ Tk>o cx(h/d)*}. In this shape sum
over the m? terms in equation (15) that are associated with J(p;, p;) for some fixed
i,j where d = |p; — p;|. Consider the coefficient of d~?+1 and note that when k =0
this coefficient is (<I>R)"’ which is 0 since ® € ¥(R). For positive k the coefficient of
d~2%+1 will be ¢, 7?%(®) because if hij = |r; — rjl, then the term ckh2k<I>(r,)<I>(rJ)
will appear exactly two times.

We now proceed to a somewhat detailed study of the discrepancy D, of mgned
atomic measures in E*. The measure ®, in Example 1 above plays a central role, and
because of its simple structure more precise estimates can be made than in higher
dimensions,

Lemma 11, Let d 2 2 and let $; be the measure on R given by Ezample ! above.
Then

(17) |J(®,,d)| < (3/4096)d~°.

Proof. We begin by noting that the binomial series coefficient ci satisfies |cx| <1
for all k¥ and that ¢; decreases in magnitude while alternating in sign. Now
I}®,) = 0, and for k > 1, I3%(®,) is easily seen to be a monotone decreasing
positive sequence since I’k(tb;) == 4~3(k+1)[93k+1 _ 8], Thus it follows at once from
the most elementary properties of alternating series applied to equation (16) that
l(.{'(;)l’;, d)| < |eal*(®;)d™3|. The fact that ¢; = —1/8 leads at once to inequality

. 1
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Lemma 12. Consider the gquadratic form Zij a;;xix; where a;; 2 0,45 = aj;.
Suppose that for each i, 3-;a;; < K. Then |y aijzizs| < K3, af.
Proof.  Write |} ;;aijzir;| = |X;;(,/@;7:i)(\/8i;7;)l, which is less than

{Zij(aijxf)}l/z{ Eij(aijxg)}l/z = 3 ij{ai;z?) by the Cauchy-Schwarz inequality.
Writing the last sum as ) ;3 j aij leads at once to the desired conclusion.

Lemma 13. Let v be an atomic measure concentrated on the points p; having a
minimum separation 6, > 2, and let ®, be as in Example 1. Then

(18) | 3 I pwe)ve))| < 1/60{ 3 (wm? }-
i%j i

Proof. Since |37, .; J(pi,pj)v(pi)v(pi)|l < 2ix; 1 (0ispj)v(pi)v(ps)l, in view of
lemma 12 with |J(p;, p;)| as a;j;, it will suffice to show that for any 1,

(19) Z_ {1901, p)1, # j} < 1/60.

Take a fixed member of the p;, denoted by py, and let d; < d; < ... be the
distances to the other points indexed in order of increasing magnitude. Then

(20) di > kM2 /2.
The inequality (20) follows from the observation that the k + 1 open disks of
radius 1 centered at pg,pi,...,p; are pairwise disjoint and lie within a disk of a

radius dj, + 1; thus w(n + 1) < 7m(dy + 1)>. This inequality leads at once to (20).
From (20) and (17) it follows that
|7(po, pi)| < (24/4096)~/2
and that
Z |7(po, k)| < (24/4096) Z k2

Since Y, &k~ -3/2 < 2,671, the lnequa.hty (19) follows at once, completing the proof of
the lemma. [}

Theorem 14. Let v be an atomic measure of total mass 0 concentrated on the points
p; in the plane E%. Suppose that the minimum distance between any two p; s at least
by. Then

(21) 1) > .0251{ Z(l/pi)Q}.

Proof. The form of the functional I allows the aséumption that 6, = 2 with no loss
of generality since I is linear with respect to ratios of dilation.
Now —I(®, xv) < =I(v) by (11). However, by (14)

I(®: xv) = J(pipj)vpive; + 1(2 )Z(l/m)2
i
Since —I(®:) = 1/16 and |3, ; J(pi,pj)vpirp;| < 1/50) >i(vpi)?, by (18), it
follows that —I(®, * v) > (.045) 5", (vp;)?. This establishes inequality (21). (]
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Theorem 15. (Theorem A for t=2.) Let v be an atomic measure of total mass 0
concentrated on the points p; in the plane E2. Then

(22) Dy(v) > .05{6,6; Z(Vp J1/2

where 6; and 6, are as previously defined.

Proof. Since for all lines h there is the inequality A(h) < Ds(v), it follows from
Theorem 14 and equation (6) that .

(23) {Ds(w) K > 026, Z(vpi)z},

where K is the support lineset for the function A. However, as is well understood,
(24) u(K) < Perimeter Conv(p;) < 2n8,.

Inequality (22) follows at once from inequalities (23), (24), and the fact that
(.02/27)1/2 > 05. |

6. Further development of the method for atomic measures

The theorem of Fubini allows one to write

(25) I{av, + Bra) =a®I(1n) + 208 (11, 1,) + B*I(1p), and
(26) I(®* (v + 1)) =I(@ 1) +2J(D x 11, ® x 1) + I(P % 110).

Before more precise estimates of discrepancy in E? can be made, it is necessary
to take a closer look at the key function J (<I>1,d) where J and ®, are as defined
above. A straightforward calculation gives

16 J(®,,d) = 6d + 2(d® + 1/4)/2 — 8(d® + 1/16)"/2.

Elementary calculus shows that limg_,  J =limg_J' =0. Also J’>0and J' <0
if d > 0. These facts at once imply the following lemma.

Lemma 16. The function —J(®1,d) is a monotone decreasing positive function of d
ford > 0. Also ~J(®,,0) = —I(®,) = 1/16).

To illustrate how the nonvanishing property of J applies, we prove a result which
in some situations will allow a weaker hypothesis on the minimal distances between
the atoms of v. Later the full strength of Lemma 16 will be needed for applications
to measures with continuous parts. '

If v is an atomic measure on ¥(E?) supported by the points p;, let §; denote the
minimum distance between two points both having positive measure, 61 denote the
minimum distance between two points both having negative measure, and §# denote
the minimum distance between two points of opposite measure. Set

6 = min{max{8], 67 },6*}.
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Theorem 17. Let v be an atomic measure of total mass 0 concentrated on the points
pi, 1=1,...,2n in the plane E?, and suppose that [vp;| = ¢ for each 1. Then

(27) Dy(v) > .05(5/65)2cv/2n

where § and 8, are as previously defined.

Proof. We will show that

(28) — I(v) > .045 & nc?,

and inequality (27) follows from the same argument used to derive inequality (22)
from inequality (21). ff v = v* — v~ let v; = ®; x vt and v, = ®; xv~. Thus
®, v = v; — vy, and applying (26) gives

—I{(®y xv) = =I(1n) + 2J (11, 1n) — I{ve).
Applying (14) to I(v,) gives

I(w) =Y J(i,p) (v p)(vrp) + 1(®1) Y _(vip)*.
i#]) %
A similar relation holds for I{;) by changing »* to ¥~. The key point here is that

J(pi,p;) and I(®,) are both negative numbers. This follows from Lemma 16. Thus
it may be concluded that

(29) —I(n) = I(1s) > =I(21) D (v*pi)? = I(21) Y_(v™pi)?

7 1

= I(3,) Z(um)?
=1/16 (vp;)?

= nc?/8.

The next step is to obtain a bound for the number 2J(v;,v,). Without loss of
generality let it be assumed that max{6],6;} = &;. As before the linearity of the
functional I with respect to dilations allows the assumption that § = 2, With these
assumptions write

J(vy,v9) = z J(pi, p;) (v pi) (v ;).
i
and following the exact same pattern used in the proof of Lemma 13, | 3°; J(pi, py)| <
1/60, where p; is a fixed atom of v~ and p; varies over the atoms of v*, It follows
at once that

(30) - 2J (v, vp) < nc?/30.
We may now conclude from (29) and (30) that
(31) —I(v) > —-I(®; *v) > (1/8 — 1/30)nc?

= .09nc?.
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The inequality (31) implies inequality (28).

Proceeding as in the proof of Theorem 15 Dy(v)*(2n6,) > —I(v), and —I{v) >
—I(®, *v) > .045 énc?. These inequalities at once give inequality (27) and Theorem
17. 1

Roughly stated, the reciprocals of §,,467, etc., are analogous to bounds on the
various density functions associated with continuous measures.

There are various other ways in which Theorem A might be extended under
special hypotheses. One way is to assume that the atoms of v~ have much larger
measure than the atoms of »*. This assumption would allow estimates of discrepancy
that are independent of §%. The limiting case would have v~ as a continuous measure.
The next section is devoted to a problem of this type.

7. Measures with continuous parts, Theorem B

By varying the hypotheses on v there are numerous ways in which the previous
work on discrete measures might be generalized. We shall concentrate on a class
which includes many of the measures that have been previously investigated in
connection with problems of discrepancy.

‘The symbol Q(E") will denote the class of signed measures v of total mass zero
on E! such that the positive part vt is Lebesgue t-measure restricted to some subset
F of E, and the negative part v~ is an atomic measure concentrated on the points

ot
D1,D2y---,Pn in EX
Lemma 18. Let v be a nonzero measure in Q(E?), then

(32) —I(v) 2 —I(B1%v¥) +1/16 Y _(vp;)* - 158 |vp;|-

Proof. As before we shall establish the inequality for —I(®, * v). Again letting
v=vt—v, y =& xvt and 1, = ®; x v~, and as before —I(®, * v) =
—I(v1) + 2J (v, vp) — I(12).
Without additional hypotheses I{v1) = I{®, *v*) cannot be bounded away from
~zero. Nonetheless it should be noted that the formula for I(1,) becomes

I(n) = / / J(p, q)dv* (p)dv*(g)

- / X®)x(@) (0, g)dm(p)dm(g),

where m is Lebesgue measure and x is the characteristic function of the set F' which
supports v*. Most certainly —I(v;) > 0.

Because Lemma 16 insures that J(®,, d) remains negative, as in inequality (29)
it can also be stated that

~I(w) 2 ~1(@1) (v pi) = 1/16 3 (v pi)".

With the present hypotheses on the measure v the “mixed” term J{11, ;) may
be represented as

Ton,) = 3 0p) [ o0 @),
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Since J(®,,d) is always negative J(v, vp) is negative. It follows that

= [Jwi @)dvt (@) = = [ J(pi, )x(9)dm(g) < — [ J(pi,q)dm(q). By converting to
polar coordinates — [ J(p;, q)dm(q) = —2x [ J(®,,7)r dr, 0 < 7 < cc. Lemmas 16
and 11 allow the estimates concerning J(®,,7):

(33) - / J(‘Pl,r)rdr<—-1(¢'1)/rdr=1/8,
r<2 r<2
(34) - / J(®1,7)rdr < / (3/4096)r3dr = 3/8192.
r>2 r>2

Inequalities (33) and (34) together with the previous observations give

0< —/J(pi,q)dv+(q) < 1.58/2.

Noting that |vp;] = v~ p;, inequality (32) follows directly upon combining the various
estimates obtained above. This completes the proof of the lemma, and we proceed

to the proof of Theorem B. ]
Let vt be the restriction of Lebesgue measure to a disk of area K, while v~
assigns measure K/n to each of the n points py,...,pn. We shall (falsely) assume

that information about —I(®; » v*) is absent. Inequality (32) becomes
~I(v) >1/16Y (K/n)*-1.58> K/n=
1 i

=(1/16)K*/n ~ 1.58K.

Let us choose K = 100n which means that v~ p; = 100 for each . It quickly
follows that
—I(v) > 400n,
and there remains a problem of scaling the present configuration to that required by

Theorem B.
The radius of the present disk is (10//7)n!/2. First, dilate the plane by a

similarity 7 of ratio (1/10)n=2/2 centered at the center of the disk, and then define
the measure & by

7A = (1/100n)v (171 A).
The scaling properties of the functional I imply that

(35) — I(7) = —(1/100000n°/2)I(v) > (1/250)n=3/2.
Using our standard argument at this point yields
(36) {Ds(m)}*2vm > —1(7).

It follows at once from (35) and (36) that
Dy(p) > (500y/7)~Y2n=3/4 > 0335n%/4,

Theorem B is now immediate.
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8. Corollary theorems to the proof of Theorem B

The following theorem is contained in the proof to Theorem B.

Theorem 19. Let the measure v belong to the class Q(E?) withmF =1 and v~ (p;) =
1/n for each i, then

(37) — I{v) > .004n~3/2,

Proof. Inequality (37) is contained in inequality (35). ]

Theorem 20. Let the measure v belong to the class Q(E?) withmF = 1 and v~ (p;) =
1/n for each i. Suppose that v is supported within a disk of radius R. Then

(38) nDs(v) > .0252R™Y2n!/4,

Proof. Following along the proof of Theorem B, the measure of the lines that intersect
the support of the measure v will be bounded by 27 R rather than 2+/7 in the special
situation of Theorem B. Making this substitution in inequality (36) leads at once to
inequality (38). A further sharpening can be obtained by replacing the number 27 R
by the perimeter of the convex hull of the support for v. 1

Theorem 21. Let the measure v belong to the class Q(E?) withmF =1 and v—(p;) =
1/n for each i. Suppose that v is supported within a disk of radius R, and let p < R
be a preassigned positive number. Then there is an open square S of side p such that

nu(S) > .0252p*R~%/n}/4

where & = p+ p{[R/p]-

Proof. (Sketched) For simplicity suppose that R/p is an integer. Consider the
collection of grids that divide the plane into squares of side p. Fundamental principles
from the theory of measure and integration assure that there exists a grid such that
every grid line has v-measure zero, and at least one line of the grid determines
a halfplane with v-measure exceeding .0252R~1/2p=%/4, Theorem 20 allows this
estimate. In this halfplane it is clear that there is a square of side R = R + p having
sides bounded by grid lines, and having v-measure exceeding 0252R-1/2p-3/4, 1f
follows at once that one of the R?/p® grid squares contained in the large square has
the required v-measure. [ |

9. Higher dimensions, Theorem A

Lemma 22. Let ®, belong to ¥[—c/2,e/2] for some € < 1/2 and satisfy I**(®,) =0
for 1 < k < r. Furthermore, suppose that ||®-]| = 1. Then if d > 2, the following
inequality holds. -

(39) |J(®p, d)| < 10732/ +1,
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Proof. From equation (16) it follows that
[J(@r,d)| < D e (@r)|d 2,
k>r4+1
The facts that |cx] < 1 and |[I?¥(®,;)] < €2* allow one to write |J(®,d)| <
d(e?/d?)™+{1 — e%/d?}~ . Since £2/d* < 1/16, the inequality (39) follows. ]
Lemma 23. Let the n points lie p; in Et, let §; = min |p; —pjl 22, and let ®, satisfy
the hypotheses of Lemma 22 where t < 2r. Then if the measure v is supported by the
Di,
(40) S (i, pyomivw; < 10726)H3(t +1) S (wpi)?.
i£] i
Proof. Fix one of the p; and call this point py and let d;, 1 < i < n —1, be the
distances from p, to the other points, indexed in order of increasing magnitude. Then
(41) dp > k)2,
To see inequality (41) note that the ¢t-disk of radius dj, +1 centered at p, must contain

k + 1 pairwise disjoint unit ¢-disks. It follows that k& + 1 < (dg + 1)%.
Applying inequalities (39) and (41) and summing gives

(42) > 1 I(®r, Bp)) < 1076742 1/d7H
k k
< 10742y " 1/dpH
k
< 107t 2081 N /D
k

< 1.07(2e)2(t + 1).

Finally, note that the estimate (42) is independent of the choice of any of the n points
pi- Inequality (40) follows at once from Lemma 12, ]
Let us introduce notation as follows. By Theorem 8 there is an atomic measure
®(r) of unit norm, supported by at most 2r + 2 points z; in the interval [-1/2,1/2]
such that for 1 < k < r, I?[®(r)] = 0. For ¢ < 1/2, let ®(r,¢) be the dilated
measure defined by ®(r,¢)(z;) = ®(r)(x;/¢). Observe that I*[®(r, )] = e*I*[®(r)]
and that ||®{r, &)|| = ||®(r)|| = 1. )

Theorem 24. Let v be a measure of total mass O concentrated on the points p; in E
where t < 2r. Then

(43) ()] 2 (6:1/2){lT[®(r)]] — 1.07(2) (¢ + 1)} > (vpi)™.

)
Proof. Let us assume that §; = 2. The result for arbitrary 6, follows from the
linearity of the functional I with respect to dilations of the measure v. Following the
usual patterns note that —I[®(r,¢) * v] < —I(r) and that by (14)

I[®(r,e) xv] = 3 J(pi, pj)vpivp; + I[®(r,e)] D (vps)*.
Ay i
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By the triangle inequality

() 0 e) + vl 2 1R, D mi)*l - | 3 Iisy)vmive;

i i£]
The inequality (44) is strengthened by replacing 3, ; J(pi, p;)vp;vp; by the right
side of inequality (40). The fact that I[®(r,e)] = eI[®(r)] leads at once to the
inequality (43). |

Remark. For any choice of ®(r) and ¢, ¢|I[®(r)]| — 1.07(2e)*+2(t + 1) is a positive
number for sufficiently small values of €. It is quite possible that ®(r) can always be
chosen so that £ = 1/2 will be satisfactory.

Remark. In the present work the mgasure p on the hyperplanesets of E? are nor-
malized so that |p — ¢| = 1/2u{h : h cuts seg pg}. In a more usual normalization
p{h : h cuts seg pg} = (¢t —1)"10¢_3|p—gq| where Oy, is the measure of the unit spher-
ical surface S*. (See [10] p.229 13.71 and p.233 14.2.) The present normalization is
moré convenient for the study of the functional I.

Proof of Theorem A. The p-measure of the set of hyperplanes that cut the convex hull
of a set of diameter 4, is no greater than the p-measure of the set of hyperplanes that
cut a t—1 sphere of diameter §,. With the standard normalization this measure equals
(1/2)O¢-16,. (See [10] p.233, 14.2.) It follows that with the present normalization
the p-measure of the set of hyperplanes that cut the convex hull of a set of diameter
0, is no greater than (¢t — 1)O¢_;(O¢_;)~'6,. Combining these observations with the
inequality (43) gives the inequality

{Ds(v)*{(t = 1)04_1(0s_2) 62} >
(8:/2){elT[@(r)]| — 1.07(2e)**%(t + 1)} Z(Vpi)z-

By choosing ®(s),¢ < 2s, and € > 0 sufficiently small so that the number ¢|7[®(r)]| -
1.07(2¢)!+2(t 4+ 1) is positive, it is clear that the inequality (1) holds where

2¢2 = {elI[®(r)]] — 1.07(26)"*2(¢ + D) H{(t — 1)0¢-1(0r-2) "'}

This completes the proof of Theorem A. - ]

In E! if v~ assigns measure 1/n to each of the n points p; and v* is Lebesgue
t-measure restricted to a #-disk of unit volume, a direct generalization of the proof
of Theorem B would lead to the inequality

(45) nDs(v) > cynt/21-1/0),

However, there is an unanswered question that leaves a gap in the proof. The
question is whether a suitable measure ®(r), ¢ < 2r, can be found that satisfies
the conclusion of Lemma 16. Bruce Reznick has given a pretty argument that the
measure $, described in Example 2 above does satisfy the conclusions of Lemma 16.
In particular, —J(®,,d) > 0 for all d and J'(®,,d) > 0. This means that all of the
techniques of this paper work in Et for ¢ < 4, and generally on embedded ¢-manifolds
of dimensions ¢ < 4. An affirmative solution of the following problem would remove
this bound on ¢.
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Problem 1. Generalize Lemma 16 and Reznick’s result by showing that for all positive
integers r a suitable measure ®(r) can be found that satisfies J'(®(r), d) > 0 for all
d. Can J(®,d)=0ever fora®in ¥ 7

There are a number of weaker results that, once established, would allow the full
method to extend into all dimensions.

10. Discrepancy on spheres, Stolarsky’s formula

In this section we give a brief outline of the present method in the case of
S5? the unit 2-sphere. The application of the method is not overly sensitive to the
geometry of the support for a measure beyond assumptions concerning dimension and
smoothness. Therefore the treatment of S? is very similar to the previous treatment
of the Roth disk problem. Only constants change. The general 2-sphere of arbitrary
radius will be denoted by 52.

_The sphere 52 is assumed to lie in the space E® so that signed Borel measures
on S? are treated as signed measures on E®. The measure p is defined on 3-planesets
and has the normalization given by (3) above. All distances considered are euclidean.

Let v* assign measure K /n to each of n points p; on the sphere S? of area K, and
let v~ be the usual 2-measure on 2. Now I(v* ~v~) = I(v*t) - 2J(vt, v )+ I(v7).
However, as a result of the symmetry of the measure v~ it is seen that J(vt,v™) =
I(v™) = (2/3)x~1/2K3/2. Combining this with the fundamental equation (6a) gives

(46) Iv+) + / A2(h)du(h) = (2/3)r- /2 K/,

Formula (46) for dimension 2 expresses in the context of the present paper the pretty
relation discovered by Stolarsky [15], who then used estimates by Schmidt [13] on the
discrepancy of spherical caps to estimate I(v+). This paper of Stolarsky is the first
place where the close relation between discrepancy and distance sums is revealed.
The ideas of integral geometry, as expressed by formula (5), along with the inner
product —J allow a pleasing derivation of the Stolarsky formula. Of course, the
same ideas give a Stolarsky formula for spheres in all dimensions. The Stolarsky
formula may actually characterize spheres in that the author knows of no other
situation where maximizing I(v*) is equivalent to minimizing [ A%, at least for » in
the class Q. _

To apply the methods of this paper to S? (in brief outline) consider the measure
v+ &, as a measure on E* in the established manner. The measures vy and vy are
defined as before, it is necessary to estimate

(@) % v) = I(11) = 2J (11, 1) + I(12).
Next one establishes the inequality
(47) |2J(ll1, V2)l < CIK

where ¢, is a positive constant independent of K. Of course, the constant ¢, is
analogous to the-number 1.58 appearing in (32). Also

~1(0) > ~(K/P{ 3 T i, p5) + 1(®1)} > —(K /m)I(@1).
i
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Lemma 16 allows the last inequality. Since —I(v,) > 0, one can now write
~I(vy) = =I(®; xv) > —I[(®)K?/n — K = (1/16)K*/n — ¢, K.
Letting K = ¢yn for a rather large choice of ¢; yields —I(v) > —csn. The radius of

the associated sphere is cqy/n. It then becomes a simple task of scaling to the case
K = 4x to obtain for 52
(48) nDs(v) > esn'/*.

The inequality (48) was first obtained by Beck [6] along with the higher di-
mensional versions corresponding to (45) above. However we state a more general
theorem for dimension 2 analogous to Theorem 20 above. The proof is a straight-
forward modification of the foregoing discussion. An important point here is that
inequality (47) depends only on very crude properties of the measure v.

Theorem 25. Let 5 be a sphere of radius R containing the n points p;. Let v— be
Lebesgque surface measure restricted to a set of measure 1, and v* assign measure
1/n to each p;. Then

nDg(v) > coR™Y2n/*,

11. Remarks concerning bounds for I

It is clear that the methods of this article are actually based on finding estimates
for the functional I(v) rather than the elusive Dg(v). It is only by way of a remarkable
estimate by Beck {7,p.180] that one can get an idea of just how small Ds(v) can be
in the case of the Roth disk segment problem. Beck shows that for each n there is a
signed measure vy, where v;f (p;) = 1/n on the n points p; and v;; is Lebesgue area
measure on a disk of unit area, that satisfies the inequality

nDg(vy) < en'/*(log n)*/2. (J.Beck)
Thanks to this fine result, it is clear that the lower bound estimates on D via I
in Theorem B are almost unreasonably good. The following problem is probably
difficult.
Problem 2. Is it true for any such sequence that lim n3/ ‘D(vp) =00 ?

Returning to the functional I one might ask how accurate is the estimate of
Theorem 19 that —n2I(v) > .004n"/2 for the n point disk segment problem. In 1972
the author noted a rather easy way to obtain upper bounds on how small I could
become. Again, the surprise is how accurate the estimates are. The method was
first used to obtain upper bounds for distance sums on 2-spheres [1]. We illustrate
the method on the measure of the disk segment problem.

A planar disk K of area n? if the union of n? pairwise disjoint sets A; if area
1, each having diameter less than 4,/7. For each ¢ let p; be chosen at random with
respect to Lebesgue measure in A;. Define the measure v by v*(p;) =1 and v~ as
Lebesgue measure on K. Then is not difficult to show that the expectation EI(v)
satisfies the relation

(49) ~EI(v) =) -EI(x;) <n’8/y7®

where 1; is the measure in W(E?) obtained by restricting v to A4;. the following
lemma is the key.
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Lemma 26. Let A; and A, be sets in E of unit Lebesgue t-measure. Let P; be a
random point in A;, i = 1,2. Define the measure v; in U(E*) by setting vip; = 1
and v to be Lebesgue measure restricted to A;. Then

EJ(Vl, Vg) =0.

Proof. Note that BJ(v{,vf) = Elp: — p.| = [ [ |p1 — peldvidvy = J(v],v;), and
that EJ(v},v5) = E [|p1 — peldvy = [[|p1 — poldvi dvy = J(v7,v5). Certainly
EJ(v{,v;) = J(v{,vy). Thus EJ(1, ) = EJ(vi —v], v —v;) which is the sum
of four numbers +J(v;, v5) that cancel one another. This proves the lemma. |

To establish (49), EI(v) = 3, EI(vi) + 30,4 EJ(v;,v5) = 3, EI(v). 1t is
quickly seen that —I(v;) < 2(diameter A;) for any choice of p;. Therefore it is clear
that there is a measure v of this class such that —I(v) < n?4 /7. Scaling leads at
once to an upper bound theorem.

Theorem 27. For each integer n there are n points p; in a disk of unit area such that
for the signed measure vy, of the disk segment problem

—n?I(vn) < (8/v/mn*/.

Theorem 27 shows that n=3/2 is the optimal order of magnitude for the sequence
sup |I(vy)| for the measures of the disk segment problem. It is clear that the
idea behind this estimate has generalizations to many other functionals and in all
dimensions.

12. Final problems and remarks

Problem 3. Let v be a measure in Q(E?) where v~p; = 1/n and v is Lebesgue
measure restricted to a set F of unit t-measure. If n remains fixed while the points
p; and the set F' are allowed to vary, determine the infimum of the positive numbers
—I{v).

For the Et, a collection of widely spaced disks of volume 1/n centered at the p;,
no t+1 of the p; lying in a hyperplane, probably approaches optimality. The number
t/2n gives the attainable minimum for the number Ds(v). This is one example of a
problem where Dg(v) is easier to analyze than is I(v).

Problem 4. To what extent is Stolarsky’s identity characteristic of the Euchdean
sphere 7

Part of Problem 4 lies in formulating a precise statement. In [17] Stolarsky
studies a class of metric spaces where his identity does generalize. Also, a number of
problems related to distributions of points and the functional I relative to Euclidean
spheres have been considered in the papers {4], [16]. Perhaps recent estimates will
allow further progress.

Problem 5. Let 2n points p; lie in a Hilbert space with |vp;) = 1 and Y vp; = 0.
Is there an absolute constant ¢ such that —I(v) > cé;n where §; is the minimum
distance between two p; ?
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A resolution of Problem 5 would be an important result in the study of metric
inequalities. If the resolution were negative, then there would be a need for an
asymptotic estimate of the best dimensional constants ¢;. The methods of this paper
produce a c¢, but there is no estimate of optimal magnitude. Perhaps letting the p;
be the set of vertices of a unit t-cube provides an interesting example for study.

Presently, an article studying the application of some of the present methods to
the functionals I* and J® for 0 < o < 2 is in preparation. This range of a has
been important to the study of metric embedding theory as well as to the study of
related topics such as transfinite diameter, (See [5]). Also, Mr. Allen D. Rogers is
investigating the method as it applies to signed measures-v with continuous parts v+,
v~, as well as applications to norm inequalities for certain related transformations,
such as Radon transformations. The author wishes to express his gratitude to Mr.
Rogers for his assistance in proofreading the article.

Addendum

The author has recently settled the key issue in Problem 1. We state the following
theorem without proof.

Theorem. Let & be any nonzero atomic measure in the class W(R). Then —J(®,d)
is a monotone decreasing positive function.

This theorem allows the extension of the key ideas of the present paper to any E?
for measures v with nonatomic parts. However, a proof requires a nontrivial extension
of several ideas relating to Lemma 16. A complete discussion of this theorem will
appear in the article under preparation.
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